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 
$EVWUDFW²,QWKLVSDSHUZHUHSRUWRQRXUH[SHULPHQWVZLWK
XVLQJ0RQWH&DUORVLPXODWLRQVSHFLILFDOO\WKH8&7DOJRULWKP
DV WKH EDVLV IRU DQ 2WKHOOR SOD\LQJ SURJUDP 0RQWH &DUOR
PHWKRGV KDYH EHHQ XVHG IRU RWKHU JDPHV LQ WKH SDVW PRVW
UHFHQWO\ DQG QRWDEO\ LQ VXFFHVVIXO *R SOD\LQJ SURJUDPV:H
VKRZ WKDW 0RQWH &DUOREDVHG SOD\HUV KDYH SRWHQWLDO IRU
2WKHOOR DQG WKDW HYROXWLRQDU\ DOJRULWKPV FDQ EH XVHG WR
LPSURYHWKHLUVWUHQJWK
, ,1752'8&7,21
7521* FRPSXWHU RSSRQHQWV LQ ERDUG JDPHV DUH RIWHQ
KHOG XS DV H[DPSOHV RI FRPSXWLQJ SRZHU WUXPSLQJ WKH
DQDO\WLFDOSRZHURIWKHKXPDQPLQG7KHGHYHORSPHQWRID
VWURQJ FRPSXWHU SOD\HU LV KRZHYHU VWURQJO\ GHSHQGHQW RQ
WKHJDPH:KLOVWFRPSXWHURSSRQHQWVIRU&KHVVKDYHEHHQ
PDGHIDPRXV>@WKHLQDELOLW\RIFRPSXWHUEDVHG*RSOD\HUV
WRFRPSHWHZLWKHYHQPRGHUDWHO\FRPSHWHQWKXPDQSOD\HUV
KLJKOLJKWV WKH OLPLWDWLRQV RI WUDGLWLRQDO VWDWHVSDFH VHDUFK
DOJRULWKPVUXQQLQJRQFXUUHQWKDUGZDUH
7UDGLWLRQDODSSURDFKHVVXFKDVPLQLPD[VHDUFKUHO\RQ
D VWURQJ HYDOXDWLRQ IXQFWLRQ DQG W\SLFDOO\ HQFRXQWHU
SUREOHPVLQJDPHVZKHUHWKHHYDOXDWLRQIXQFWLRQLQWKHPLG
JDPHLVZHDNDQGZKHQWKHUHLVDODUJHEUDQFKLQJIDFWRU,Q
WKHVHJDPHVDSRRUHYDOXDWLRQ IXQFWLRQ OHDGV WKHFRPSXWHU
RSSRQHQWWRPLVMXGJHLWVRZQSRVLWLRQDQGWRIDLO WRSUHGLFW
VWURQJRSSRQHQWPRYHV $ ODUJHEUDQFKLQJ IDFWRUSUHYHQWV
WKHFRPSXWHUIURPVHDUFKLQJWRWKHHQGRIWKHJDPHZKHUH
WKH SRVLWLRQV FDQ EH HYDOXDWHG SUHFLVHO\ DV WKH UHVXOW LV
NQRZQ
5HFHQWO\ 0RQWH &DUOREDVHG DSSURDFKHV KDYH VKRZQ
SURPLVH E\ JHQHUDWLQJ UHODWLYHO\ VWURQJ SOD\HUV IRU VPDOO
ERDUG [ RU [*R 0RVW UHFHQWO\:DQJ DQG*HOO\
>@ XVHG D 0RQWH &DUOREDVHG WUHH VHDUFK DOJRULWKP WKH
8&7 DOJRULWKP WR SHUIRUP LQLWLDO H[SORLWDWLRQ YHUVXV
H[SORUDWLRQ JXLGDQFH WKURXJK SUHYLRXVO\ H[SORUHG EUDQFKHV
QHDUWKHURRWRIWKHJDPHWUHHEHIRUHODXQFKLQJ0RQWH&DUOR
VLPXODWLRQVWRHVWLPDWHZLQQLQJFKDQFHVIRUERDUGSRVLWLRQV
7KHVH HVWLPDWHV FDQ WKHQ EH XVHG LQ SODFH RI D GHVLJQHG
HYDOXDWLRQIXQFWLRQ)XUWKHUWRWKLV WKH\ IRXQGLWEHQHILFLDO
WRFRQVWUDLQWKH0RQWH&DUORVLPXODWLRQE\JXLGLQJWKURXJK
PRYHV XVLQJ ORFDO WHPSODWH PDWFKLQJ DQG RWKHU *R
NQRZOHGJH 7KLV VXFFHVV OHDGV QDWXUDOO\ WR WKH TXHVWLRQ
ZKDWLVLWWKDWPDNHV0RQWH&DUORPHWKRGVVRVXFFHVVIXOIRU
*RZKHUHVWDWHEDVHGVHDUFKPHWKRGVKDYHODUJHO\IDLOHG",V
WKHUH VRPHWKLQJ SDUWLFXODU DERXW WKH QDWXUH RI*R RU LV LW
MXVWWKDWWKHFRPSHWLWLRQLQFRPSXWHU*RKDVQRW\HWEHFRPH
VWURQJHQRXJK"
:H H[SORUH WKLVTXHVWLRQ LQ DQ REOLTXHZD\ E\ DSSO\LQJ


WKH0RQWH &DUOR PHWKRG WR DQRWKHU JDPH IDYRXUHG E\ $,
UHVHDUFKHUV 2WKHOOR 8QOLNH WKH FDVH RI *R YHU\ VWURQJ
2WKHOORSOD\HUVKDYHEHHQGHYHORSHGVHH>@ IRUDVXUYH\
,QWKLVSDSHULQLWLDOZRUNRQD0RQWH&DUOR2WKHOORSOD\HULV
SUHVHQWHG :H LPSOHPHQW D8&7 DQG0RQWH &DUOR EDVHG
DSSURDFK KRZHYHU LQVWHDG RI ORFDO WHPSODWHPDWFKLQJ ZH
HYROYH DZHLJKWHG SLHFH FRXQWHU WR JXLGH WKH0RQWH&DUOR
VLPXODWLRQV
,, %$&.*5281'
$ 2WKHOOR
2WKHOORLVDJDPHIRUWZRSOD\HUVSOD\HGRQDQ[ERDUG
XVLQJURXQGSLHFHVFRORXUHGZKLWHRQRQHVLGHDQGEODFNRQ
WKHRWKHU7KHERDUGVWDUWVLQWKHLQLWLDOFRQILJXUDWLRQVKRZQ
LQ)LJXUH

7KH SOD\HUV DUH DVVLJQHG D FRORXU DQG WDNH WXUQV ZLWK
HDFK SOD\HU SODFLQJ D SLHFH ZLWK WKHLU FRORXU IDFLQJ XS LQ
RUGHUWRFDSWXUHRSSRQHQWVSLHFHV2QO\PRYHVWKDWFDSWXUH
RSSRQHQW¶VSLHFHVDUH OHJDODQG LIQRVXFKPRYHH[LVWV WKH
SOD\HUKDVWRSDVV9HUWLFDOKRUL]RQWDORUGLDJRQDOOLQHVRI
SLHFHV DUH FDSWXUHG E\ VXUURXQGLQJ WKHP RQ WZR RSSRVLWH
VLGHV ZLWK DQ H[LVWLQJ SLHFH DQG D QHZO\ SODFHG SLHFH
&DSWXUHGSLHFHVUDWKHUWKDQEHLQJUHPRYHGDUHIOLSSHGRYHU
WRVKRZWKHFRORXURIWKHSOD\HUWKDWKDVFDSWXUHGWKHPDQG
PD\EHUHFDSWXUHGE\WKHRSSRVLQJSOD\HU7KHJDPHHQGV
ZKHQQHLWKHUSOD\HUKDVDQDYDLODEOHPRYH 7KHZLQQHU LV
WKHSOD\HUZLWKWKHODUJHVWQXPEHURISLHFHVRIWKHLUFRORXU
% 0RQWH&DUORIRUJDPHV
0RQWH &DUOR PHWKRGV KDYH ORQJ EHHQ SRSXODU IRU
QRQGHWHUPLQLVWLF RU LQFRPSOHWH LQIRUPDWLRQ JDPHV VXFK DV
SRNHU>@6FUDEEOH>@EDFNJDPPRQ>@DQGEULGJH>@
$EUDPVRQ>@PD\KDYHEHHQWKHILUVWWRSURSRVHWKHLUXVHLQ
([SHULPHQWVZLWK0RQWH&DUOR2WKHOOR
3+LQJVWRQ6HQLRU0HPEHU,(((00DVHN0HPEHU,(((
6

)LJXUH7KHLQLWLDOERDUGVWDWHRIDQ2WKHOORJDPH3OD\HUVWDNH
WXUQVSODFLQJQHZSLHFHVWRFDSWXUHWKRVHRIWKHLURSSRQHQW
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
FRPSOHWHLQIRUPDWLRQJDPHV7KHEDVLFLGHDLVWRGHILQHWKH
YDOXH RI D SRVLWLRQ LQ WKH JDPHDV WKH H[SHFWHG YDOXH RI D
UDQGRPJDPHVWDUWLQJIURPWKDWSRVLWLRQDQGWRHVWLPDWHWKLV
E\SOD\LQJRXWPDQ\JDPHVXVLQJUDQGRPPRYHFKRLFHV$
SOD\HU WKHQSURFHHGV WRXVH WKLVHYDOXDWLRQ IXQFWLRQ LQD
SO\ VHDUFK LH KHVKH FKRRVHV WKH PRYH WKDW OHDGV WR WKH
KLJKHVWH[SHFWHGYDOXHRIWKHJDPHUHVXOW+HGHPRQVWUDWHG
WKH PHWKRG ZLWK SOD\HUV IRU [ 2WKHOOR WLFWDFWRH DQG
FKHVV 6XUSULVLQJO\ WKHUH GRHV QRW VHHP WR KDYH EHHQ DQ\
IXUWKHU GHYHORSPHQW RQ0RQWH &DUOR PHWKRGV IRU 2WKHOOR
0RUH UHFHQWO\ D QXPEHU RI DXWKRUV >@>@>@>@>@>@
KDYH GHYHORSHG 0RQWH &DUOREDVHG SOD\HUV IRU *R ZLWK
YHU\ JRRG UHVXOWV 7KHVH DXWKRUV KDYH H[SORUHG YDULRXV
RSWLPL]DWLRQV DQG HQKDQFHPHQWV LQFOXGLQJ >@ WKH XVH RI
8&7 D EDQGLWEDVHG WUHH VHDUFK DOJRULWKP LQWURGXFHG LQ
>@ IRU VROYLQJ ODUJH VWDWHEDVHG 0DUNRYLDQ 'HFLVLRQ
3UREOHPV
& 8&7
7KH EDVLF 0RQWH &DUOR PHWKRG VDPSOHV QH[W ERDUG
SRVLWLRQVXQLIRUPO\LQRUGHUWRFKRRVHWKHRQHZLWKWKHEHVW
H[SHFWHGYDOXHRIWKHJDPHUHVXOW7KLVGRHVQRWPDNHEHVW
XVHRIWKHLQIRUPDWLRQREWDLQHGZKLOHVDPSOLQJZKLFKFRXOG
EH XVHG WR FRQFHQWUDWH PRUH HIIRUW RQ PRUH SURPLVLQJ
SRVLWLRQVIRUHDFKSOD\HU7KLVLVOLNHDVRIWYHUVLRQRIPLQL
PD[ 2QH KDV WR EH FDUHIXO KRZHYHU QRW WR QHJOHFW OHVV
SURPLVLQJSRVLWLRQVZKLFKPD\RQIXUWKHUVDPSOLQJVWDUWWR
ORRN EHWWHU 7KLV LV DQ LQVWDQFH RI WKH FODVVLF
H[SORUDWLRQH[SORLWDWLRQGLOHPPDLQOHDUQLQJ,Q>@.RFVLV
HW DO LQWURGXFHG WKH 8&7 DOJRULWKP DV D UHVSRQVH WR WKLV
GLOHPPD
7KH LGHD LV WR FRQVLGHU WKH FKRLFH RI ZKLFK RI . QH[W
SRVLWLRQV WR H[SORUH DV D .DUPHG EDQGLW SUREOHP $ .
DUPHGEDQGLWSUREOHPLVGHILQHGDVIROORZV
5DQGRPYDULDEOHV QL;  IRU .L ≤≤  ≥Q GHWHUPLQHWKH
SD\RIIV IRU . JDPEOLQJ PDFKLQHV RQ WKH QWK  WULDO RI WKDW
PDFKLQH 7KH DLP LV WR FKRRVH ZKLFK PDFKLQH WR SOD\ DW
HDFK WULDO VR DV WR PD[LPL]H WKH H[SHFWHG SD\RII PRUH
SUHFLVHO\ WR OLPLW WKH UDWH RI LQFUHDVH LQ WKH GLIIHUHQFH
EHWZHHQ WKH DFWXDO SD\RII DQG WKH PD[LPXP SRVVLEOH
SD\RII$QDOJRULWKPWKDWGRHVWKLVIRUDODUJHFODVVRIVXFK
SUREOHPVLV8&%WXQHG>@

• Let QMW  be the number of times machine j is chosen 
up to time n, and QM; 
B
be the average payoff from 
machine j up to time n. Let QM6 
B
be the average 
squared payoff value from machine j up to time n, 
and let 
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• First play each machine once 
• Thereafter, play the machine j that maximizes 
{ } PLQORJ 


B
"QM
QM
QM 9W
Q; +  

)LJXUH8&%WXQHG

8&78&%IRUWUHHVHDUFKH[WHQGV8&%E\FRPELQLQJ
LWZLWKDPLQLPD[WUHHVHDUFK7KHLGHDLVWRFRQVLGHUHDFK
QRGHRIDVHDUFKWUHHDVDPXOWLDUPHGEDQGLWZLWKRQHDUP
IRUHDFKFKLOGQRGH6WDUWLQJIURPWKHFXUUHQWERDUGSRVLWLRQ
WKHPHWKRG LV WR XVH8&%WXQHG WR VHOHFW D FKLOGQRGH D
PRYH IRUWKHFXUUHQWSOD\HU WKHQDJDLQWRVHOHFWDFKLOGRI
WKLV FKLOG D PRYH IRU WKH RSSRQHQW DQG VR RQ XQWLO DQ
XQH[SORUHGQRGHRUDOHDIDFRPSOHWHGJDPHLVUHDFKHG$
UDQGRPVLPXODWHGJDPHLVWKHQSOD\HG IURPWKLVSRLQW7KH
UHVXOWRIWKHJDPHLVXVHGWRLQLWLDOL]HWKHDYHUDJHSD\RIIIRU
WKH QHZ QRGH DQG WR XSGDWH WKH DYHUDJH SD\RIIV IRU DOO
QRGHVRQWKHSDWKIURPWKHURRW7KLVSURFHVVLVUHSHDWHGDV
PDQ\ WLPHVDVFDQEHZLWKLQ WKH WLPHRU UHVRXUFHVDOORZHG
IRUHDFKPRYHDQGWKHILQDOXSGDWHGDYHUDJHSD\RIIVZKLFK
PD\EHWKRXJKWRIDVDQHVWLPDWHGSUREDELOLW\RIZLQQLQJWKH
JDPHDUHXVHGWRVHOHFWWKHPRYH

1 playOneSequence(position) 
2 begin 
3    positions := <position>  
4    while position is unexplored do 
5       position := descendByUCB1(position)  
6       positions := position + positions 
7    od 
8    game result := playOneRandomGame(position) 
9    updateValue(positions, game result) 
10 end of playOneSequence 
  
11 function descendByUCB1(position) 
12 begin 
13    nextPositions := list of next board positions 
14    if some next position is not explored yet then 
15       return a random unexplored position 
16    else {all next positions have been explored} 
17       return a random position that maximises (1) 
18    end if 
19 end of descendByUCB1 
  
20 updateValue(positions, result) 
21    foreach position in positions do  
22 
      increment corresponding QMW   
23 
      QM;  := UHVXOW; QM +  
24    od 
25 end of updateValue 

)LJXUH3VHXGRFRGHIRU8&7DGDSWHGIURP>@

)LJXUH  JLYHV SVHXGRFRGH IRU 8&7 EDVHG RQ WKDW
SUHVHQWHG LQ >@ 1RWH WKDW WKLV LV WKH ³SDUVLPRQLRXV
YHUVLRQ´ZKLFKFUHDWHVDWPRVWRQHQHZQRGHLQWKHVHDUFK
WUHH IRU HDFK FDOO WR SOD\2QH6HTXHQFH  ,Q WKH VWDQGDUG
YHUVLRQRI8&7WKHWHVWRQOLQHEHFRPHVDWHVWIRUWKHHQG
RI WKH JDPH DQG OLQH  ZKLFK SOD\V D UDQGRP JDPH WR
FRPSOHWLRQZLWKRXWFUHDWLQJQHZQRGHVLQWKHVHDUFKWUHHLV
QRWUHTXLUHG7KLVYDULDWLRQVDYHVRQPHPRU\UHTXLUHPHQWV
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
1RWHWKDWRQOLQHLQWKHFDVHRIDIRUFHGSDVVWKHVLQJOH
QH[W ERDUG SRVLWLRQ LV DQ XQFKDQJHG ERDUG ZLWK WKH RWKHU
SOD\HUWRSOD\$VSRLQWHGRXWLQ>@8&7KDVDQXPEHURI
DGYDQWDJHVRYHU WUDGLWLRQDO VWDWHEDVHGVHDUFKQDPHO\ LW LV
DQ ³DQ\WLPH´ PHWKRG LW UREXVWO\ KDQGOHV XQFHUWDLQW\ DQG
WKH VHDUFK WUHH LV H[SORUHG LQ DQ DV\PPHWULF ZD\ WKDW
GHYRWHVPRUHDWWHQWLRQWRSURPLVLQJPRYHV
8&7 IRU*RZDV LQWURGXFHG E\:DQJ HWDO >@ZKHUH
WKH\DOVRLQWURGXFHGWKHLGHDRILPSURYLQJWKHHIIHFWLYHQHVV
RI WKH VLPXODWLRQ SKDVH XVLQJ *R NQRZOHGJH WR ELDV WKH
FKRLFHRIPRYHVWRZDUGVVWURQJHUSOD\6XSSRVHWKDWZHDUH
LQ WKH SURFHVV RI VLPXODWLQJ D JDPH VWDUWLQJ IURP D ERDUG
SRVLWLRQ RI LQWHUHVW DQG KDYH D KDQGIXO RI QH[W PRYHV WR
FKRRVH IURP ,Q D SXUHO\ UDQGRP VLPXODWLRQ HDFK RI WKHVH
PRYHV LV HTXDOO\ OLNHO\ WR EH FKRVHQ ,Q >@PRYHV ZLWK
PRUHPHDQLQJLQ*RWHUPVDUHFKRVHQDKHDGRIRWKHUVZLWK
WLHV UHVROYHG UDQGRPO\ 7KLV UHVXOWV LQ PRUH PHDQLQJIXO
³LQWHOOLJHQW VLPXODWLRQV´7KH\ IRXQG WKDW WKLV VLJQLILFDQWO\
LQFUHDVHGWKHVWUHQJWKRIWKH0RQWH&DUOREDVHGSOD\HU
' $0RQWH&DUOR2WKHOOR3OD\HU
6LQFH0RQWH&DUORPHWKRGVKDYHSURYHGVRVXFFHVVIXOLQ
*RZHZDQWHGWRLQYHVWLJDWHWKHSRVVLELOLW\RIXVLQJ8&7DV
WKH EDVLV IRU DQ 2WKHOOR SOD\HU :H IRXQG WKH
LPSOHPHQWDWLRQ WR EH TXLWH VWUDLJKWIRUZDUG:H GHFLGHG WR
XVHDSD\RIIRIIRUDZLQIRUDORVVRUGUDZGUDZVVHHP
WR RFFXU DERXW  RI WKH WLPH ZLWK RSSRQHQWV RI
DSSUR[LPDWHO\ HTXDO VWUHQJWK 2QH WULFN\ SRLQW LV WKDW D
SOD\HUZLWKQROHJDOPRYHPXVWSDVVZKLFKGRHVQRWRFFXU
LQ*REXWWKLVFDQEHKDQGOHGE\WUHDWLQJDSDVVDVDVSHFLDO
PRYH
,Q RUGHU WR FRQWURO WKH DPRXQW RI FRPSXWDWLRQDO HIIRUW
H[SHQGHG IRUHDFKPRYHRI RXUSOD\HUZHGHFLGHG WR OLPLW
WKH QXPEHU RI VLPXODWHG PRYHV DOORZHG 7KLV PDNHV WKH
FRPSXWDWLRQDOHIIRUWLQGHSHQGHQWRIWKHSURFHVVLQJSRZHURI
WKHKDUGZDUHRQZKLFKLWUXQV

7$%/(:,16%<0217(&$5/23/$<(56$*$,1670,1,0$;
3/$<(56
VLPXODWHGPRYHVSHU
PRYH SO\ SO\
  
  
  
  
  
  
  

:H WHVWHG WKLV SOD\HU DJDLQVW D PLQLPD[ SOD\HU XVLQJ
ZHLJKWHGSLHFHFRXQWDVLWVHYDOXDWLRQIXQFWLRQWKHZHLJKWV
XVHGZHUH WKRVH HYROYHG LQ >@7KH0RQWH&DUOR SOD\HU
EHFRPHVVWURQJHUZKHQPRUHVLPXODWHGPRYHVDUHDOORZHG
SHUPRYH DQG RI FRXUVH PLQLPD[ EHFRPHV VWURQJHU ZLWK
PRUHVHDUFKSOLHV:HSOD\HG0RQWH&DUORSOD\HUVZLWK
   DQG  VLPXODWHGPRYHV
SHUPRYHDJDLQVWDQGSO\PLQLPD[SOD\HUV7KHUHVXOWV
DUH VKRZQ LQ 7$%/(  7KH ILJXUHV LQ SDUHQWKHVHV DUH WKH
VWDQGDUG HUURUV RI WKHVHPHDVXUHPHQWV 7KH EROGHG ILJXUHV
VKRZWKHSRLQWDWZKLFKWKHFRPSXWDWLRQDOHIIRUWLQWHUPVRI
WLPH QHHGHG SHU PRYH IRU HDFK PHWKRG LV DSSUR[LPDWHO\
HTXDO7KHZLQQLQJSHUFHQWDJHLQHDFKFDVH LVQRW IDU IURP
 VXJJHVWLQJ WKHVH SOD\HUV DUH RI DSSUR[LPDWHO\ HTXDO
VWUHQJWK 7KLV LV HQFRXUDJLQJ EXW ZH VKRXOG QRW UHDG WRR
PXFKLQWRLW)RUH[DPSOHWKHPLQLPD[SOD\HUGRHVQRWXVH
DQ\ RI WKH XVXDO RSWLPL]DWLRQV VXFKDVDOSKDEHWD SUXQLQJ
DQG ZH KDYH QRW DWWHPSWHG WR RSWLPLVH WKH 0RQWH &DUOR
SOD\HUHLWKHU5DWKHUZH WDNH WKHVH UHVXOWVDVDQ LQGLFDWLRQ
WKDW0RQWH&DUORPHWKRGVDUHIHDVLEOHIRU2WKHOOR
,,, (92/87,21$5<237,0,6$7,212)6,08/$7,21%,$6
,Q RUGHU WR H[SHULPHQWZLWK RSWLPLVDWLRQ ZH GHFLGHG WR
WU\ WKH ³LQWHOOLJHQW VLPXODWLRQ´ LGHD IRU RXU2WKHOOR SOD\HU
ZLWKWKHDGGLWLRQDOWZLVWWKDWZHZRXOGXVHDQHYROXWLRQDU\
DOJRULWKPWRVHDUFKIRUDVXLWDEOHZD\WRELDVWKHFKRLFHRI
PRYHV:HZDQWHGWRELDVWKHFKRLFHRIPRYHVWRDFKLHYHD
VWURQJHU2WKHOORSOD\HUEXWZLWKRXWUHO\LQJXQGXO\RQH[SHUW
NQRZOHGJH RI ZKDWPRYHV FRQVWLWXWHPHDQLQJIXO SOD\:H
ZHUHWKHUHIRUHORRNLQJIRUDVLPSOHDQGHYROYDEOHPHWKRG
WRFRPSXWHDSUREDELOLW\GLVWULEXWLRQRYHUWKHDYDLODEOHQH[W
PRYHVZKLFKZHZRXOGWKHQXVHWRVWRFKDVWLFDOO\VHOHFWWKH
QH[WPRYHLQWKHVLPXODWHGJDPH
2XULGHDZDVWREDVHWKLVGLVWULEXWLRQRQDZHLJKWHGSLHFH
FRXQWHYDOXDWLRQRI WKHFDQGLGDWHPRYHVDQGWRHYROYH WKH
ERDUG ZHLJKWV XVHG WR FDOFXODWH WKH ZHLJKWHG SLHFH FRXQW
*LYHQDVHWRIERDUGZHLJKWVDQGDVHWRIFDQGLGDWHPRYHV{ }NPPP  " WKHGLVWULEXWLRQLVFDOFXODWHGDVIROORZV
)LUVW FDOFXODWH :  WKH ZHLJKWHG SLHFH FRXQW IRU WKH
FXUUHQW ERDUG SRVLWLRQ 7KHQ FDOFXODWH L:  WKH ZHLJKWHG
SLHFHFRXQWVIRUWKHERDUGVUHVXOWLQJIURPSOD\LQJHDFK LP 
'HILQH ::' LL −=  WKH ZHLJKWHG SLHFH FRXQW GLIIHUHQFH
EHWZHHQ WKH FXUUHQW ERDUG DQG WKH QH[W ERDUG WKLV FDQ EH
FDOFXODWHGLQFUHPHQWDOO\1RZGHILQH PLQPLQ L'= 8VH
WKLV WR FDOFXODWH PLQ+−= LL '1  7KXV WKH VPDOOHVW YDOXH
RI L1 ZLOO EH  )LQDOO\ FDOFXODWH ¦ == NM MLL 11S  7KLV
ZDVXVHGDVWKHSUREDELOLW\RIVHOHFWLQJ LP 1RWHWKDWHYHU\
PRYHKDVDFKDQFHWREHVHOHFWHGDVHYHU\ >LS 
7R WHVW WKH HIIHFW RI WKLV ELDVLQJ VFKHPH ZH FUHDWHG D
0RQWH&DUORSOD\HU0&3KDQGWKDWXVHVDKDQGFRGHGVHW
RI ZHLJKWV IURP >@ DQG DQRWKHU WKDW XVHV DQ LPSURYHG
HYROYHG VHW RI ZHLJKWV IURP >@0&3/5:H SOD\HG D
WRXUQDPHQW EHWZHHQ WKHVH SOD\HUV SOXV D 0RQWH &DUOR
SOD\HU ZLWK UDQGRP FKRLFHV 0&3UDQGRP D KHXULVWLF
SOD\HUXVLQJWKHHYROYHGZHLJKWVIURP>@+HXULVWLFDQGD
SO\PLQLPD[SOD\HUXVLQJZHLJKWHGSLHFHFRXQWZLWK WKH
HYROYHG ZHLJKWV DV LWV HYDOXDWLRQ IXQFWLRQ0LQL0D[ 7KH
0RQWH &DUOR SOD\HUV DOO XVHG  VLPXODWHG PRYHV SHU
PRYHZKLFKHTXDWHVURXJKO\WRWKHVDPHWLPHSHUPRYHDV
SO\PLQLPD[(DFKSOD\HUSOD\HGJDPHVDVEODFNDQG
JDPHVDVZKLWHDJDLQVWHDFKRWKHUSOD\HU 7$%/(VKRZV
WKHRXWFRPH
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
7$%/(±3(5)250$1&(2)9$5,2863/$<(56&203(7,1*,1$5281'52%,127+(//272851$0(177DEOHHQWULHVDUHQXPEHURIZLQVIRUWKHURZ
SOD\HUYHUVXVWKHFROXPQSOD\HULQJDPHV7KHILQDOHQWU\LQHDFKURZLVWKHWRWDOQXPEHURIZLQVIRUWKDWSOD\HU7KHYDOXHLQEUDFNHWVLVWKHVWDQGDUG
HUURU
 +HXULVWLF 0&3UDQGRP 0&3KDQG 0&3/5 0LQL0D[ 7RWDOZLQV
+HXULVWLF      
0&3UDQGRP      
0&3KDQG      
0&3/5      
0LQL0D[      

)URP WKH WDEOH ZH VHH WKDW0&3UDQGRP0&3KDQG
DQG0LQL0D[DUHDERXWHTXDOLQVWUHQJWKZKLOH0&3/5LV
VLJQLILFDQWO\VWURQJHURYHUDOODQGDERXWHTXDOWR0LQL0D[LQ
KHDGWRKHDG FRQWHVWV &XULRXVO\ 0&3UDQGRP VHHPV
VWURQJHUWKDQ0LQL0D[KHDGWRKHDGVRWKDW0&3UDQGRP
0&3/5 DQG 0LQL0D[ PDNH XS D ³URFNSDSHUVFLVVRUV´
WULSOH 6WLOO WKH JRRG UHODWLYH SHUIRUPDQFH RI 0&3/5
VXJJHVWV WKDW VWURQJHU SOD\ FDQ EH DFKLHYHG E\ RSWLPL]LQJ
WKHELDV$QHYROXWLRQDU\DOJRULWKPVHHPVDJRRGFKRLFHRI
RSWLPL]DWLRQDOJRULWKPIRUWKLVWDVN
)RU WKLV SXUSRVH ZH FKRVH WR IROORZ >@ DQG XVH DQ
(YROXWLRQ 6WUDWHJ\ (6 DV WKH WDVN LV EDVLFDOO\ WKDW RI
WXQLQJ D VHW RI UHDOYDOXHV SDUDPHWHUV DQG FRPSXWDWLRQDO
UHTXLUHPHQWV UHVWULFWHG XV WR D VPDOO SRSXODWLRQ D
FRPELQDWLRQ WKDW (6¶V XVXDOO\ SHUIRUP ZHOO ,Q RUGHU WR
UHGXFH WKHVHDUFKVSDFHZH RSWHG WR WDNHDGYDQWDJHRI WKH
ERDUG V\PPHWULHV DQG UHVWULFW WKH VHDUFK WR VHWV RI ERDUG
ZHLJKWVRIWKHIRUP

D E F G G F E D
E H I J J I H E
F I K L L K I F
G J L M M L J G
G J L M M L J G
F I K L L K I F
E H I J J I H E
D E F G G F E D

)LJXUH%RDUGZHLJKWVZLWKV\PPHWULHV

7KHUHIRUH WKH JHQRPH LV D VHTXHQFH RI  UHDO QXPEHUV
DEFGHIJKLM! :H XVHG D VLPSOH VHOIDGDSWLYH
PXWDWLRQDQGQRFURVVRYHU
)LJXUHGLVSOD\VWKH(6WKDWZHXVHG
7RWHVWWKHILWQHVVRIDVHWRIZHLJKWVZHSOD\HGJDPHV
DJDLQVW0&3KDQGDVEODFNDQGDVZKLWH7KHUDZ
ILWQHVVYDOXHZDVWKHQFDOFXODWHGDV
BB PDUJLQWRWDOZRQJDPHVILWUDZ ×+= 
ZKHUH PDUJLQWRWDO LVWKHWRWDOH[FHVVRI IULHQGO\SLHFHV
RYHU RSSRQHQW SLHFHV DW WKH HQGV RI WKH JDPHV 7KLV ZDV
LQFOXGHG WR SURYLGH PRUH JUDGLHQW LQIRUPDWLRQ IRU WKH
RSWLPL]DWLRQ DOJRULWKP $V WKLV LV TXLWH D QRLV\ ILWQHVV
IXQFWLRQZHXVHGD ILWQHVV VPRRWKLQJ WHFKQLTXHDVZHOODV
ILWQHVV LQKHULWDQFH WR FRQYHUW WKH UDZ ILWQHVV LQWR D ILQDO
ILWQHVVVFRUHXVLQJWKHIRUPXOD
BB ++×= FRXQWILWUDZILWSUHYFRXQWILW 
ZKHUH IRU D SDUHQW FRXQW LV WKH QXPEHU RI WLPHV LW KDV
EHHQ HYDOXDWHG DQG ILWSUHY B  LV LWV SUHYLRXVO\ VWRUHG
ILWQHVVDQG IRUQHZRIIVSULQJ FRXQW LVDQG ILWSUHY B  LV
WKHILWQHVVRILWVSDUHQW

1 Initialize: 
Set  ×←τ  Set 
 ←τ  
Set 
  !" ==← MNMNσ . 
Set 
 "=← N1Nω . 
2 While more generations do 
3    For k:= 1 to 20 do  
4 
      H[S 

 !=+← M11 MMMN ττσσ  
5 
      
 1NNN σωω +←  
6    Od 
7    Evaluate fitness of members of k and k’ 
8    ’•select the best 10 from  + ’ 
9 Od 

)LJXUH3VHXGRFRGHIRUWKH(6
,9 (;3(5,0(17$/5(68/76
:HUDQWKH(6DWRWDORIWLPHVWRDVVHVVWKHUHOLDELOLW\RI
WKHDOJRULWKP)RUHDFKUXQZHXVHGDSRSXODWLRQVL]HRI
DQGUDQWKHDOJRULWKPIRUJHQHUDWLRQVWHVWLQJLQGLFDWHG
WKDWPRUHWKDQJHQHUDWLRQVGLGQRWLPSURYHWKHVWUHQJWK
RI WKH SOD\HU %RWK WKH HYROYHG SOD\HUV DQG 0&3KDQG
XVHG RQO\  VLPXODWHGPRYHV SHUPRYH $W WKH HQG RI
HDFK JHQHUDWLRQ ZH LQGHSHQGHQWO\ UHHYDOXDWHG WKH ILWQHVV
RIWKHILWWHVWLQGLYLGXDOXVLQJJDPHVDJDLQVW0&3KDQG
IRUUHSRUWLQJSXUSRVHV)LJXUHVKRZVWKHRIJDPHVZRQ
E\WKHILWWHVWSOD\HULQHDFKJHQHUDWLRQDYHUDJHGRYHUWKH
UXQV DV ZHOO DV WKH PLQLPXP DQG PD[LPXP RYHU WKH 
UXQV 2Q DYHUDJH WKH ILWWHVW SOD\HU DIWHU  JHQHUDWLRQV
DSSHDUV WR EH ZLQQLQJ MXVW XQGHU  RI JDPHV DJDLQVW
0&3KDQG ZKLFK LV WKH ZLQQLQJ SHUFHQWDJH DFKLHYHG E\
0&3/5 1RWH KRZHYHU WKDW WKH LQGLYLGXDO LGHQWLILHG DV
WKHILWWHVWLQHDFKJHQHUDWLRQPD\QRWDFWXDOO\EHWKHILWWHVW
DV WKH ILWQHVV IXQFWLRQ LV QRLV\ 6R ZH QHHG WR ORRN PRUH
FORVHO\DWWKHVHILQDOJHQHUDWLRQV
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)LJXUH6XPPDU\RIEHVWILWQHVVYDOXHVRYHUUXQVRIWKH(6

7R GR VR ZH WHVWHG WKH ILWWHVW WKUHH LQGLYLGXDOV IURP HDFK
ILQDOJHQHUDWLRQRIWKHUXQVRIWKH(6XVLQJJDPHV
WKLV WLPH IRU JUHDWHU SUHFLVLRQ7KH ILWWHVW RI WKH WKUHHZDV
WKHQ GHVLJQDWHG WKH FKDPSLRQ IRU WKDW UXQ7KH FKDPSLRQV
IRU HDFK UXQKDG DZLQV EHWZHHQ DQG :H
WKHQ GHVLJQDWHG WKH ILWWHVW RI WKHVH  DV WKH RYHUDOO
FKDPSLRQDQGXVHGLWWRFUHDWHD0RQWH&DUORSOD\HUZKLFK
ZHFDOO0&32&

       
       
       
       
       
       
       
       

)LJXUH(YROYHGZHLJKWVIRU0&32&


)LJXUH  VKRZV WKH ZHLJKWV IRU0&32& ,QWHUHVWLQJO\
WKLVSDWWHUQRIZHLJKWVEHDUVQRJUHDWUHVHPEODQFH WR WKRVH
HYROYHG LQ >@ H[FHSW IRU WKHKLJK YDOXHV DVVLJQHG WR WKH
FRUQHU SRVLWLRQV $WWHPSWLQJ WR XVH WKHVH ZHLJKWV LQ D
ZHLJKWHGSLHFHFRXQWKHXULVWLFSOD\HURUDPLQLPD[SOD\HU
EDVHG RQZHLJKWHG SLHFH FRXQW UHVXOWV LQ D WUXO\PLVHUDEOH
VWDQGDUG RI SOD\ 7KXV WKH JUHDWHU VWUHQJWK RI 0&32&
FDQQRW EH DWWULEXWHG WR KLJKHU TXDOLW\ VLPXODWLRQV $W WKLV
SRLQWZHGRQ¶WKDYHDYLDEOHWKHRU\WRH[SODLQWKLV
:HQRZZDQWHGWRHVWLPDWHWKHVWUHQJWKRI0&32&:H
WKHUHIRUHWHVWHGWKLVSOD\HUDJDLQVWWKHVDPHVHWRISOD\HUVDV
LQ 7$%/(  )RU WKLV WHVWLQJ ZH LQFUHDVHG WKH QXPEHU RI
VLPXODWHG PRYHV SHU PRYH WR  VR WKDW LW ZRXOG EH
FRPSDUDEOHWRWKHHDUOLHUUHVXOWV7KHUHVXOWVFDQEHVHHQLQ
WKHDGGLWLRQDOURZDQGFROXPQRI7$%/(
)URP WKLV ZH VHH WKDW0&32& LV YHU\ VWURQJ DJDLQVW
RWKHU0RQWH&DUORSOD\HUVEXWLVRQHRIWKHZHDNHVWRIWKH
0RQWH&DUORSOD\HUVDJDLQVW0LQL0D[7KLVPD\EH UHODWHG
WRWKHIDFWWKDWZHXVHGSHUIRUPDQFHDJDLQVW0&3KDQG WR
PHDVXUHILWQHVVIRUWKH(6$WHQWDWLYHSRVVLEOHH[SODQDWLRQ
LV WKDW 0&32&¶V VLPXODWLRQV XVH PRYHV WKDW DUH
UHSUHVHQWDWLYHRIWKHPRYHVWKDWDQRWKHU0RQWH&DUORSOD\HU
WHQGVWRPDNHEXWQRWRIWKHPRYHVWKDWDPLQLPD[SOD\HU
WHQGV WR PDNH ,Q RWKHU ZRUGV LWPD\ EH WKDW WKH (6 KDV
HYROYHG DQ LPSOLFLW RSSRQHQW PRGHO $ FRHYROXWLRQDU\
DSSURDFK RU D ILWQHVV PHDVXUH FRPELQLQJ SHUIRUPDQFH
DJDLQVW GLIIHUHQW W\SHV RI SOD\HUV PD\ KDYH SURGXFHG D
GLIIHUHQWUHVXOW+RZHYHUZHFDQFRQFOXGHWKDWLWLVIHDVLEOH
WRXVHDQHYROXWLRQDU\DOJRULWKPWRWXQHVLPXODWLRQELDVLQD
0RQWH&DUORSOD\HU
:H DOVR WHVWHG 0&32& E\ KDQG DJDLQVW VHYHUDO
FRPSHWHQW 2WKHOOR SURJUDPV RQ WKH ,QWHUQHW )URP WKHVH
LQIRUPDOH[SHULPHQWVLWKDVWREHVDLGWKDW0&32&LVQRW
DVWURQJ2WKHOORSOD\HU)RUH[DPSOHLWZDVRQO\DEOHWRZLQ
DQRFFDVLRQDOJDPHDJDLQVW$MD[KWWSDEXOPRFOXEIUDMD[
HQKWP SOD\LQJ RQ LWV ³$PDWHXU´ OHYHO WKHUH DUH VHYHUDO
OHYHOV DERYH WKLV HYHQ ZKHQ ZH JDYH WKH 0RQWH &DUOR
SOD\HU VHYHUDO PLOOLRQ VLPXODWLRQ PRYHV SHU PRYH ZKLFK
HTXDWHV WR VHYHUDO VHFRQGV RI HODSVHG WLPH SHU PRYH
2WKHOOR SURJUDPV DUH VRSKLVWLFDWHG DQG XVH D ORW RI KLJK
OHYHO 2WKHOOR NQRZOHGJH LQFOXGLQJ KLJKO\ GHYHORSHG
HYDOXDWLRQIXQFWLRQVRSWLPL]HGWUHHVHDUFKHVRSHQLQJPRYH
OLEUDULHVHWF7KHSUHVHQW VWXG\DW EHVW VXJJHVWV WKDW LWPD\
EH SRVVLEOH LQ WKH IXWXUH WR GHYHORS D VWURQJ0RQWH&DUOR
EDVHG2WKHOORSOD\HU7KLVFRQWUDVWVZLWKWKHFXUUHQWUHODWLYH
VWUHQJWKRI0RQWH&DUOREDVHG*RSURJUDPV7KHGLIIHUHQFH
PD\ SHUKDSV EH GXH WR WKH IDFW WKDW 2WKHOOR LV EHWWHU
XQGHUVWRRGWKDQ*RDWWKLVWLPHDQGWKDWWKLVXQGHUVWDQGLQJ
KDVEHHQHPEHGGHGLQH[LVWLQJ2WKHOORSURJUDPV

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
2XU LQH[SHUW REVHUYDWLRQ LQ WKHVH JDPHV ZDV WKDW WKH
0RQWH&DUOR SOD\HU DSSHDUHG WR EH GRLQJZHOO XQWLO ODWH LQ
WKH PLGGOH JDPH ZKHUH LW ZDV IUHTXHQWO\ IRUFHG WR SDVV
VRPHWLPHV VHYHUDO WLPHV LQ VXFFHVVLRQ DW ZKLFK SRLQW LW
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
VXIIHUHGDJUHDWUHYHUVDORIIRUWXQHDQGPDQ\IULHQGO\SLHFHV
ZHUHIOLSSHG%DVHGRQRXUUHDGLQJVRQ2WKHOORVWUDWHJ\WKH
0RQWH&DUOR SOD\HU DSSHDUV WRKDYH DSRRU DSSUHFLDWLRQ RI
WKHFRQFHSWRI³PRELOLW\´DZHOONQRZQ2WKHOORIHDWXUHWKDW
KDVWRGRZLWKWKHQXPEHURIPRYHFKRLFHVDYDLODEOHWRHDFK
SOD\HU $FWXDOO\ LW VHHPV WKDW ZHLJKWHG SLHFH FRXQW LV
NQRZQ WREHDSRRUKHXULVWLF IRU2WKHOOR ,Q WKLV VWXG\ZH
XVHGZHLJKWHG SLHFH FRXQW LQ RUGHU WR VWD\ FORVH WR VLPLODU
SUHYLRXV VWXGLHV IHDWXULQJ HYROXWLRQDU\ PHWKRGV 2QH
SRVVLEOH DYHQXH IRU IXWXUH UHVHDUFKPLJKW EH WR DWWHPSW WR
XVH VLPXODWLRQ ELDV EDVHG RQ PRUH HIIHFWLYH 2WKHOOR
KHXULVWLFV +RZHYHU WKLV GRHV QRW UHDOO\ H[SODLQ ZK\ WKH
0RQWH &DUOREDVHG SOD\HU IDLOV WR IRUHVHH LWV LPSHQGLQJ
GRRPXQWLOLWLVWRRODWH7KHKHXULVWLFLVRQO\XVHGWRELDVWKH
FKRLFH RIPRYHV LQ WKH VLPXODWLRQ DQG WKH ILQDO FKRLFH RI
ZKLFKPRYHWRSOD\GHSHQGVRQWKHHVWLPDWHG³SUREDELOLW\RI
ZLQQLQJ´QRWRQZHLJKWHGSLHFHFRXQW7KHUHDOSUREOHPLV
WKDWWKHVHSUREDELOLW\HVWLPDWHVPLVOHDGWKHSOD\HU7KHVDPH
SUREOHP RFFXUV HYHQ IRU03&UDQGRP ZKHQ ELDV LQ WKH
VLPXODWLRQVLVQRWXVHG:HFDQRQO\VSHFXODWHDWWKLVSRLQW
WKDWWKLVPD\KDYHVRPHWKLQJWRGRZLWKWKHVWUXFWXUHRIWKH
2WKHOORJDPHWUHHSHUKDSVWKHZLQQLQJOLQHIRUWKHRSSRQHQW
LVORFDWHGZLWKLQDQDUURZVXEWUHHUHVXOWLQJLQDPLVOHDGLQJ
VWDWLVWLFDOO\EDVHG SUREDELOLW\ RIZLQQLQJZKLFK WKH0RQWH
&DUORSOD\HUEDVHVLWVPRYHVHOHFWLRQRQ
9 &21&/86,216
,Q WKLV SUHOLPLQDU\ VWXG\ ZH KDYH VKRZQ WKDW D0RQWH
&DUOR DSSURDFK WR 2WKHOOR LV D IHDVLEOH DOWHUQDWLYH WR
WUDGLWLRQDOVWDWHVSDFHVHDUFKPHWKRGV:HGHPRQVWUDWHGRQH
SRVVLEOHRSWLPLVDWLRQRIWKHEDVLF8&7DOJRULWKPEXWWKHUH
DUHPDQ\RWKHUDYHQXHVWRWU\VWDUWLQJSHUKDSVZLWKVRPHRI
WKRVHWKDWKDYHEHHQVXFFHVVIXOLQ*R$V8&7KDVDQXPEHU
RIDGYDQWDJHVRYHUVWDWHVSDFHVHDUFKWKLVPD\EHWKHULJKW
WLPH WR UHYLVLW 0RQWH &DUOR VHDUFK DQG LQYHVWLJDWH LWV
DSSOLFDWLRQ WR RWKHU JDPHV 2XU UHVXOWV VXJJHVW VRPH
GLIIHUHQFH EHWZHHQ DQG*R DQG2WKHOORZKLFKQHHGV WR EH
XQGHUVWRRG ,WZRXOG EH LQWHUHVWLQJ WRVHHZKDWRWKHUNLQGV
RIJDPHVDUHPRVWVXLWHGWRD0RQWH&DUORDSSURDFK
$&.12:/('*0(17
:HZRXOG OLNH WR WKDQN6LPRQ/XFDV IRUSURYLGLQJ-DYD
VRIWZDUH IRU WHVWLQJ 2WKHOOR SOD\HUV DQG /XLJL %DURQH IRU
XVHIXO GLVFXVVLRQV DQG IRU H[HFXWLQJ HYROXWLRQDU\ UXQV IRU
WKLVVWXG\
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